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Abstract
A deterministic cubic and bicubic m ethod for curve and 
surface estimation is presented. The m ethod presented, does 
not assume that the surface to be estim ated, based on a given 
set of data  in the three dimensional space, has a continuous 
first or second derivatives. The given data  does not have to 
be equidistant. Also, since the m ethod leads to param etric 
equations for the patches of the surface, the estimating surface 
does not need to be a function. Param eters hij  are used for 
continuity and stress.
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Chapter 1
1.1 Introduction
Over the past twentyfive years m any in terpolation algo­
rithm s, algorithm s producing curves or surfaces passing through 
the data , for curve and  surface estim ation have been developed. 
These algorithm s can be classified into three categories: De­
term inistic, Stochastic, and  Chaotic.
The determ inistic algorithm s can be found in the  lite ra tu re  
under the nam e Splines [Barnhill and Riesenfeld ’74], [Barn­
hill ’85], [Barnhill and  Boehm  ’83], [Barsky ’88], [Akima ’70], 
[Bartels et al ’87], [Beck e t al ’86], [Coons ’74], [de Boor ’87], 
[de C asteljau ’86], [Farin ’83 ’90], [Foley ’86 ’87 ’87],[Lane ’88], 
[Nielson ’86 ’87], [Salkauskas ’84], [Sapidis ’87], [Schumaker 
’81], [Shirman and Sequin ’90], [Gregory ’74], [Yfantis ’93] and 
others. The determ inistic in terpolation algorithm s for surface 
estim ation require th a t the  dom ain of the input d a ta  points 
constitutes a  rectangular grid, and all the grids have to  be 
equal. Also biquadratic, surface estim ation algorithm s require 
continuity of the first derivative, and bicubic splines require 
continuity of the second derivative.
Kriging requires th a t the  d a ta  is sam pled from a  random  
process which is wide sense stationary  or satisfies the in trin ­
sic hypothesis, or if there is a trend, the residuals after re­
moving the trend  are second order stationary. In terpolation  
algorithm s based on the theory of chaos give unpredictable 
answers, the generated curve or surface is continuous b u t has 
derivative nowhere, and due to their random  nature every tim e
the m ethod  is applied to the sam e set of d a ta  it gives different 
results.
A nother family of in terpolation algorithm s are the Stochas­
tic in terpolators. The stochastic in terpolation  algorithm s m in­
imize the m ean square error, and assum e the process the d a ta  
come from is stationary, or it satisfies the intrinsic hypothe­
sis. S tationarity , or satisfaction of the intrinsic hypothesis by 
the process the d a ta  come from is im possible to be proven. 
The stochastic algorithm s can be found in the lite ra tu re  usu­
ally under the nam e Kriging [Journel ’89], [David ’77], [Olea 
’77], [M atheron ’76], [Borgman and Frahm e ’76], [Yfantis et 
al. ’87], [Journel and H uijbregts ’78], [Arm strong ’84], [My­
ers ’82], [Davis ’88], [Delfiner ’76], [Englund ’90], and others. 
The th ird  class of interpolators, nam ely the  ones based on the 
theory  of chaos and fractals was developed recently [Carpen­
ter ’86], [Yfantis et al ’88] and others. H ybrid m ethods using 
stochastic and determ inistic m ethods [Yfantis et al, 1992], or 
any com bination of the above m ethods.
The m ethod  presented here, leads to a determ inistic in terpo­
lation  algorithm  for curve and surface estim ation, by extending 
the Bezier curve and surface estim ation  m ethod.
In the Bezier curve and surface estim ation  m ethod, in order 
to reproduce the shape of a  curve, a  control polygon which is 
defined by :
&?(*) =  ( ! -« )& ? - '(< )+  « £ i(< )
where r =  l ,...,n  and i =  l,...,n -r, given points of
3
.R3, and
(0 ) =  &f ,
is used, th a t somehow “exaggerates” the shape of the curve. 
In our m ethod, we use a th ird  degree Bezier curve, which passes 
through the end points b{ and &,■+3, and in addition we require 
this curve to pass through the internal given points bi+\ and 
bi+2 . Moreover, this m ethod uses param eters h{j,  which are 
the solution of a linear m x m  system , giving continuity and 
stress.
However, the estim ation does not require the solution of a 
linear system , as splines and kriging do, by choosing appropri­
ate values of for be tter results. The m ethod presented, 
does not assum e th a t the surface to be estim ated, based on a 
given set of d a ta  in the three-dim ensional space, has a continu­
ous first or second derivatives, nor does it assum e th a t the d a ta  
satisfy the assum ption of stationary  or the intrinsic hypothesis.
The grid formed by the given d a ta  does not have to be 
equidistant. Also, since the m ethod leads to param etric equa­
tions for the patches of the surface, the estim ating surface does 
not need to be a function.
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1.2 Curve estimation
Let { x u y i , z l ), (x2<y2,Z2),—A x n,yniZn) be n  given points 
in the three dim ensional space. We would like to find a curve 
passing through these points. The curve consists of (n -1) cubic 
patches. The ith  cubic patch  connects the points (.r;, yj, and 
{xi+i, J/i+i, ++i)- The ith  cubic patch  has continuous first and 
second derivatives for 0 <  t <  1, bu t the curve is not not 
necessarily C 1,or C 2, i.e. our algorithm  allows for patches th a t 
have discontinuous first or second derivatives a t the knots or 
joints. The way we calculate the patches is by calculating first 
a cubic param etric  equation passing through the (i-2 ), (i-1), 
i, and ( i+ 1) points; second we calculate a  param etric  cubic 
equation passing through the points (i-1), i, ( i+ 1), and  ( i+ 2); 
th ird  we calculate a  cubic param etric  equation passing through 
i, (i+1), ( i+ 2),and (i+3); fourth we consider the  com mon part 
which extends between i, and ( i+ 1) and we express th a t as an 
average of the first the second and the th ird  parts. This kind 
of approach allows us to introduce param eters to allow for the 
estim ated  curve to be C 1 or not to be C 2. Also it enables as 
to introduce tension. We calculate the cubic equation passing 
through the i, (i+1), (i+ 2), (i+3) points by introducing two 
new points (a i, C \ ) and  (a-2, 62? Q2) and use the i point, the two 
new points and  the (i+3) point to calculate a  param etric  cubic 
curve. This curve passes through the i, and (i+ 3) points since 
they are end points, bu t not through (a i, 61, ci) and (a2, 62, £2)- 
The points (ai,£>i,ci) and  (02,^2, £2) are selected so th a t for 
t =  1/3 the param etric  equation passes through the ( i+ 1) point 
and for t =  2 /3  the  param etric  equation passes through the
5
(i+2) point. Thus if Xi( t )  denotes the param etric equation of 
the x-coordinate of the cubic Bezier defined by .r;, a i, a 2, £ l+3, 
then
Xi( t )  =  (1 — t f x i  +  3#(1 -  t f ci i  +  3 /2( l  -  f)a2 +  t*xi+3,
0 < t <  1,1 < i <  n  — 3, a i ,C2 G i?
( 1)
the param eters 01,02 G R  are determ ined so th a t A 'j(l/3 ) =  
X{+1 and A',(2/3) =  a:;+2- Therefore from equation (1) we ob­
tain:
27a:i+1 =  8 x{ +  12oi +  6o2 +  x i+3,
'27 x  i+ 2  = xi +  60! +  12o2 +  8a;i+3, (2)
1 <  i < n — 3, oi, o2 G R
which is a system  of two equations in two unknowns, a\ and 
a 2. After solving system  (2) for 01 and a 2,we find
- 5 x i  +  18xi+i -  9Xi+2 +  2a,‘j+3
a 1 = -------------------- 7.--------------------- ,6
and
2x{ -  9xt-+i +  18a:i+2 — o x i+3o2 =  ------------------- --------------------
6
Now, we substitu te  back to the original equation (1), and we 
obtain  the Lagrange cubic form:
^ 3  , ( — § x i +  l & E i+ i  — 9 x ;+ 2  +  2 X i + 3 ) t ( l  — t ) 2
A i ( t )  =  (1  -  t ) * X i - \ ----------------------------------------   b
(2X{  -  9 X i + i  +  \ 8 x j + 2 -  5 x i + 3 ) t 2 ( l  -  t ) 3
H------------------------------------- ^ b t  x i +3 ,
1 < 2 <  n -  3, 0 <  £ < 1
6
or
( l - f ) ( 3 f - l ) ( 3 * - 2 )  , 9t ( l  -  t)(2 -  3t)
JLj\t) — -------------- ----------------Xi H-------------------   Xi+i +
9f(l  -  t )(3t  -  1) t (3t  -  l)(3 f -  2)
4“ 2 *̂ i+2 "1“ 2 3'i+3i
l < z < n - 3 ,  0 < t < l
(3 )
From the above equation we have X i (0 ) =  a.’;,-Y j(l/3) = ay+i, 
Xi  (2/3) A,-(l) =  ^;+3. So, we m ade sure th a t the Bezier
curve, in the ith  patch, passes through Xi,Xi+\,Xi+ 2  and Xi+3 
points, for 0 <  t <  1.
If in equation (3) we make a  change of param eters, nam ely if 
we let u= 3 t, or
t = - , 0  < t < 1,0 <  u <  3, 
3
then (3) becomes:
(3 — u)(u — l ) (u  — 2) 3 u { 3 - u ) ( 2 - u )
A i(u) = -------------- --------------- Xi 4--------------------  Xi+i 4-
6 6
3zz(3 — u)(u — 1) u(u  — 1 )(u — 2)
4------------ -̂---------- ^i+2 4------------ ^---------- %i+3 56 6
0 < u < 3,
(4 )
Ai(0) =  Xi ,X i ( l )  = x i+1,Xi(2)  = x t-+2,Xi(3)  = Xi+3. 
Now, if we let v = 3t — 1, or
v 1
3  ’
— 1 < v <  2, then (3) becomes:
( l  +  t i ) ( l - u ) ( 2 - u )  
 2-------------- x i+ 1 +
| u{v +  1)(2 -  v) 
2
v(i? +  l)(i; — 1)
x i + 2  +
- 1  < v < 2,
A ' i ( - l )  =  X j , X i ( Q)  =  a;i+i, X i(l) =  ari+2, ^ ( 2 )  =  x i+z. 
Finally let w =  3t — 2, or
u; +  2 
* “  3 ’
—2 < < 1 then (3) becomes:
zt;(io +  1)(1 -  it?) w{w + 2){w — l)
Af( wj =    Xi -(-------------------------a’i+i +
(w +  2) (it; +  1)(1 — w) (w +  2 )(w +  l)it;
H------------------- 7-------------------x i+2 H--------------- 7------------- ^'i+3i
- 2  < w <  1,
ATj( 2) =  x t:, A j(  1) — aj,-+ i , A j(0 ) — *£j+ 2 1  i ( l ) “I- - î+3"
So for i= l  (the first patch) from equation (3) we have: 
X x{t) = (1 - * ) ( 3* - l ) ( 3 * ~ 2 ) ^  +  9 ( * ( l - t ) ( 2 - 3 t ) ^  +
2
9*(1 -  t){St. -  1)
-----------7-----------x 3 +
t ( 3 t -  l ) ( 3 f - 2 )
0 < t <  1,
8
or we can use (4) and  then  we will get:
v_ (3 -  u){u -  l ) ( u  -  2) 3w(3 -  u){2 -  u)
A i (u) =    xi  4------------- ------------ x 2 4-
6 6
3 u { 3 - u ) ( u - l )  u ( u - l ) ( u - 2 )
+ h i ( --------------------  H----t -----------^4),6 6
0 <  u <  3
( 7 )
where h i (or h\$)  is a param eter which can be used to obtain  
stress and also continuity  of the first and  the  second derivatives 
,as we will see la te r,if  such an assum ption  is supported  by the 
d a ta  or the physics of the  experim ent under consideration. 
Now', set i= 2 , which is the  second patch . T hen  from  equation 
(5) we get:
Y v ( v - l ) ( 2 - v )  (l +  v)(l  -  v ) ( 2 ~ v )Xi { v )  = ---------- ----------- jq 4-----------------   x 2 4-
v(v  +  1)(2 — v) v(v +  l ) ( v  — l )
+ ---------- j ---------- *3 +  g *4,
- 1  < V < 2
( 8 )
Also from  (3) and  (4) we get th a t
( l - f ) ( 3 f - l ) ( 3 f - 2 ) _  , 9 f ( l - f ) ( 2 - 3 * ) „  , A 2 {t) = ---------------   x 2-4------------- ------------ a 3 4-
9 i( l  -  t )(3t  -  1) t{3 t -  1)(3* -  2)1 -X4 4------------- — 2’5
9
V -  (3 ~ u )(u -  l )(u ~ 2) ^  . u ( S - u ) ( 2 - u )A 2(u) — -------------- ----------------x 2 H-------------  £3 -f
u(3 — u) (u — 1) u(u — l ) (u  — 2)
H 7 x a -b 7 x 5,2 6
0 <  u  <  3
(9)
respectively.Now, we can see th a t  b o th  (8) and (9) axe passing 
through X2  and  £3. Of course the  param eters t ,u ,v  used above 
are dum m y variables. So now we axe going to  replace u , v 
by t, we’ll average the com m on p a rts  in the second p a th  and  
we’ll use the  stress param eters h2i\ and  h2%2 for the noncom m on 
parts , in  the  following way :
X 2{t) -  h2li    X\ +  - [ ------------- - ------------- x 2
. t ( t  +  l ) ( 2 - t ) _  , ( 3 - * ) ( * - ! ) ( * - 2 )  _ t ( 3 - t ) ( 2 - t )
+-------2-------  3 + ----------- 6-----------------   2-
i ( 3 - t ) ( t - l )  i(* +  l ) ( t - l )  t ( t - l ) ( t - 2 )
+h2,2[--------- 7----------- 1----------- 7--------- \XA +  ^2,1--------- 7--------- x 5
or
x,m  -  I1-J ig  ,(2 - +
0 < t < l .
( 10)
Now, we axe going to look a t  the j th  patch , where 3 <  j  <  n  — 3. 
The way of calculating the  equation  for the j th  patch, is sim ilar
10
to the one used for the second patch. So, for i= j ,3 < j  < n — 3, 
and from equations (6 ), (5), and (4) we get:
(1 -  1£>)(1 +  w)«> w(w  4- 2)(1 -  w)
X j - 2 { i v )  =  -------------------------------X j - 2 --------------------^ ---------------x j - l  +
(w +  2 )(w +  1) (1 — w) (w +  2)(w 4- \ )w  +    Xj +    Xj+l
- 2  <  w < 1
(11)
v ( v - l ) ( 2 - v )  (1 +  v)( l  -  v)(2 -  v)
X j - i ( v )   ---------------------x j -1 + --------------   xj  +
v(v +  1)(2 -  v) v(v +  l ) (v -  1)
“1“ 2 x j + i  “h g  x j + 2
- 1  < v < 2
( 12 )
^ / . . n  (3 — u)(u — l ) (u  — 2)  ̂ ( 3 u ( 3 - u ) ( 2 - u )  ^Xj (u)  — ^ xj  4- g x j +1 4~
3u(3 — u)(« — 1) u(u — l ) (u  — 2)
-1------------   x j + >2 4 : -  x j+3
0 < u < 3
(13)
respectively.As we can see, equations (11), (12) and (13) are 
passing through xj  and xj+1. So, if we replace the dum m y 
variables v , w , u  by t , we average the common parts in the 
j-th  pa th  and we use the stress param eters hjti and hj^ for the 
noncomm on parts, as before, we’ll get:
1 (t +  2){t +  1) (1 — 2) t (t  +  l ) ( f  4- 2)
3 ------------ 2---------------+ --------- 6X j ( t )  — - [ ------------------  Xj  4---------------   x J + i +
, ( t  +  l ) ( l - < ) ( 2 - t ) _  , t ( t + l ) ( 2 - t ) _  ,
H---------------------g ------------------  j  "1----------------2 -------------  J + I
11
6 y 2 
, L r( l - * ) ( !  +  *)*„ , * ( * -  l ) ( * - 2)_ , ,
+  % l [ -------- g------- XJ- 2 H g ^j+3j +
, r t ( l - t ) { 2  + t) ( f ( f - l ) ( 2 - * )
+^V2i---------- 2-------- ^ ’-1 H------------q XJ- 1 +
( * ( f - l ) ( *  +  l ) _  . /(3  — *)(* — 1)
H-------------- 7  #?+2  H----------------   X j + 2\
or
Xj ( t )  =  —■[( 1 -  t ) ( t2 +  7t +  18)xj  +  t ( t 2 — 9t +  26)xj+i] 4- 
18
+ ~ - { t (  1 -  0 (1  +  t )* j - 2 +  t i t  - l ) ( t -  2)xj+i\ +
+% % (< -  1)(1 +  +  t ( t  -  1)(5 -  t ) xH 2]
(14)
So, X ,(0) =  x j , X j {  1) =  x j +1, which m eans th a t the jth  patch, 
as defined in equation (19), passes through the points xj  and  
Xj+1. Also, equation (14), is of a  third-degree Bezier curve type 
, w ith Bezier points,[Farin ’90] 
bQ = Pj , 63 =  Pj+ 1 and
184 104 4 , _  5 . „
61 “  243 +  243 +1 +  Hl hj J i  2 +  s l ^ ' 2^ 3 ~
- f f  ̂ P , - ,  -  | f  * 1 ,^+ 2
104 184 _ 5 , _ 4
2 “  243 +  243' i+l + 8 i h i'lP i- 2 + 81 i l i+3 ~
12
2 S h P  2 6 h P
_  81 _1 ~  &i j ' j + 2
where Pj = (x j . y j ,  zj), i =  1, ...n.
Now, since we have to taly  (n-1) patches, there are two left to 
calculate, (n-2) and (n-1). So we are going to do sim ilar work 
for the last two patches, for i=n-2 and i= n - l . So if i=n-2, from 
equations (5) and (6) we get:
N _ (2 -  v)(v -  l ) v  , (v +  1)(1 -  v ) ( 2  -  v ) ^
^ n - 3 ( v ) =  -------------- g ----------------^ n - 3 -H---------------------- ^  x n ~ 2  +
v ( 2  — v)(v +  1) (v 4- l)(i? — l )v
H X n —i “  x m
2  6
- 1  <  v < 2
and
V- /...x (1 “  u>)(u> +  , (w + 2 ) ( w - l ) w ^
^ n —4 \ W )  —  %n —4 \ 0  *^n —3 “t“6 2
(iv -1- 2)(1 — iv)(w +  1) (w -1- 2 )(w +  1 )w
H ~ x n —2 “I" ~7. x n — 1?2 6
- 2  < w  < 1
respectively, and bo th  are passing through x n - 2  and ;rn_i.So 
by replacing v, w by t, averaging the common parts, and using 
the stress param eters hn- 2,1 and / in- 2,2 we’ll get:
1 (t +  2 )(l - t ) ( l  +  t)
-X„_2 (0 — - [  -  Xn - 2  +
(1 +  <)(1 - 0 ( 2 - 0  , t(* +  l)(t +  2)
 5------------- Z ’’ - 2 ----------- 6---------
t(< +  l ) ( 2 - 0 _ , , L r( l - 0 (1 +  «)!,. ,2 %n— 1J “I” *2,l[ g 4 *
t( i  +  l ) ( t - l ) _  , , t  r(i +  2)(t — 1)1 , ( 2 - 0 ( 1 - 1 ) 0
  ------------------- +  n n_ 2 ,2 [------------ 2 --------------- *--------------- g  J ’̂n—3
13
or
Xn-n(t)  =  i [ 2 ( l  -  *)(! +  t ) x n - 2  +
x n—4
•2,2--------- -̂-------- *̂71—3
£(* -  l) ( f  +  4)
(15)
Last, for i= n -l (the last path ), we use equation (6 ), starting  
from x „_3 point, which passes through <rn_i point, and by us­
ing the stress param eter hn- \  (or hn-i,i)  we get:
So we have five forms of equations for i= l ,  i=2 , 3 <  i < n — 3, 
i=n-2 and i= n -l, which are equations (7), (10), (14), (15) and
(16) respectively.
This is the tim e to specify these stress param eters h,-j, in order 
to get second order continuity. Since we have Xi( t )  to be a cu­
bic polynom ial of t, the only points th a t we should require con­
tinuity  are the end points. Thus, we require A’-(l) =  A-+1(0)
A n_i (t) — hn_i
(t. +  2)(1 — £) (£ 4- 1) (t +  2 )(t +  1)£
(16)
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and A’-'(l) =  X -^ O ) , 1 <  i < n — 2 , in order to get continuity 
at the Xi point. So, we need to calculate X-(*) and X-'(*), for 
1 < i < n — 1, and to estim ate the ft;j, 1 < i < n — 1,. and. 
j=  1,2. From equations (9),(14),(19),(23) and (24) we get:
x —3*2 +  12* — 11 3*2 — 10* +  6
A((*) = ---------- g---------- an + ---------   x-2
4 - y  [3(—3#2 +  8* -  3)x 3 +  (3*2 -  6* 4- 2)ar4]
X"( t )  = ( -*  +  2)oq +  (31 -  5)x 2 4- ^ -[3 (—6* +  8)0:3 +  (6* -  6 )0:4]
X 2 (*) = ——- — — x 2 +  (2 — 2 t)x$ H— ^ -[(—2*2 +  5* — 2)oq +
4-(3*2 -  6* +  2)x5] +  ^ ( - 3 *2 +  12* -  6)0:4
ot Q 1
X%(t) = t x 2 -  2o-:j 4---- — [(—4* +  5)ori 4- (6* -  6 )0:5] +
’’■ (—6* +  12)0:4
X'At) =  ^ [ ( - 3 *2 -  12* -  11 )Xj +  (3*2 -  18* +  26)o:;+ i] 
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, 0̂,1 U o42 , I tn+2, [(—3* +  l)oq_2 +  (3* — 6* +  2)o?j+3] +
-^[(3*2 +  6* — 4)o:j_i +  (—3*2 +  12* — SJoq--^]
3
X'Ht)  =  X [ ( —6i -  12)xj  +  (61 -  18)zi+ i] +  h j d - t x j - i  
J 18
+(* -  l)o;i+3] +  ft/,2[(2* +  2)xj- i  4- (-2 *  +  6) ^ + 2]
3 < j  < n -  3
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-i -/  / rv — 6 /  — 4
^ 7 1 - 2 ( 1 )  =  - Z t X n - 2  H-------------- Q------------Z n - 1
+  ; "~2ll[(l -  3t 2 ) xn-4 +
+(3£2 — l)a:n] H 3~L_̂ ^ 2 +  6# — 4)xn_3
A""_2 ( 0  =  —2.L’n_2 +  (1  — — 1 +  h n- 2 , l { ~ t x n-A  +  ^ n ) +
2/2„_2,2(  ̂+  1 ) z n—3
X _ ! ( t )  =  [(1 -  3<2)a:„_3 +  3(3i2 +  2t -  2)x„_2] ^ | H  +
3/2 -  4* +  1 3#2 4- 6 #  +  2
H n XTl— 1 H ~ *̂ n2 6
A ^_i(i) =  [—t x n- 3 -j- (3f +  l ) x n- 2]hn-i,i  +  (3f — 2)xn- i
+ ( /  +  l ) x n
respectively. Now we require :
A j( l)  =  A j+1(0),
A 7 (i) =  x ; +1(0), (17)
1 <  j  < n -  2
So from (17) we can get a  2(n-2)x2(n-2) system, w ith h i j  as 
unknowns. This system looks as follows:
—’2xi — 3:^2 +  ^ 1(6x3 — X4 ) = —7x2 +  12a:3 +  2/i2,i(—x\  +  x§)
- 10/12,2^ 4,
6 : r i  —  1 2 x 2  +  h [ 6x s  =  — 2 x 3  +  ^ 2 , i ( 5 a , ' i  —  6 2 : 5 )  +  2 A x 4h,2,2 
— 1 2 x 2 +  h2 ,\2>{xi — X5 ) T  /i2,224.x4 =  —112:3 26x4 4-
^3,i3(a?i +  2xq) +  ^3,26( - 4x2 -  5ar5),
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I S j ’l- — 3 6 x m  4 -  3 / / 2 . i . t :  - r  j =  i — 1 2 a ’:', — 1 8 0 :4 )
— 18/^3.]0'G +  ^3.26(6x2 +  12^5 J.
—llx^+i +  26xj4-2 4* h j + i ' \ 3 ( x j - i  4- 2 0 4 +4 ) 
4 -hj+i,2 6 (—4x;- -  oxj+3) =  - 2 6 2 4  +  I I 2 4 + 1  4 - hj' i3( — 2x j -2  ~  Xj+3 )
4-fyl26(5x<?--.1 4- 4xi+2),
-1 8 x j  -  12xj+i -  1 8 h j tiX j -2  4- hjt2lS(4.Xj- i  4- 2xj+2) =
1 2 0 4 + 1  18xj+2 18/ij+i)iXj+4 4" hjjr\ _2 1 8 ( 2 x j  4~4xj+3),
3 < j  < 7 2  — 4
26xn_3 4” H*^n—2 “I- ^n—3,1*K 2 Xjrj_ 5  3-ra) 
4"/in—3,26(5xn_4 4* 4Xn—l) — 12xn_i 4” hn—2,l3(Xfj—4 ^n)
- 2 4 / l n _ 2)2X n _ 3 , 
lSXfj—3 12xn _ 2 1 S/lyj—3,12'n—5 4” ^n—3 ,26(  1 2 Xfj_4 4" 8 -̂n—l)
36x„_2 4” 18xn_i 4" 36/2n_2t22'rj—31 
1 2 x n _2  4“ (3Cn—1 4“ h n—2,1 ( 2 x n _ 4  4“ 2xn) 4" h n —2 2 1 0 x n _3  —
hn—1,1 (^n—3 6 x n_2) 4~ 3xn_i 4~ 2xn,
2xn _ 2 4” h n—2,1 ( 4 4“ ^n) 4” 4 /2n_2)2Xn _ 3
*En—2^n—1,1 2Xn—1 4“ %n
(1 8 )
Now, by simplifying the previews system , we end up with the 
following system:
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h i ( 6 x 3 — X 4 ) — 2 /z-2 , l ( — XI  +  X 5 ) +  IO/z-2,2^4 =
*lx\ — 4x2 +  12^3
h 16x 3 — h-2 ,i(oxi  — 6x5) — 24x4 =  —6x 1 4- 12x2 ~  12x 3 
h-2 ,i3(xi -  X 5 ) +  2 4 ^ 2 , 2 ^ 4  -  ^ 3 , 1 ( ^ 1  +  2x6) ~
— ̂ 3,26( - 4x2 — 5x5) =  12x2 — 13x3 
fl2 ,\X\ +  12/12,2^4 +  ^3,l6x6 -  2/13,2(6x2 +  12x5) =
—6x2 4- 8x 3 — 6x4 
/ijii3( - 2xJ_2 -  Xj+3) +  /ij,26(5xj_i +  4xy+2) -
^7+l,l3(Xj_ 1 4~ 2Xj4_4)
—/ij,+ii26(—4x̂ - — 5xj+3) =  26 xj  — 22xj+i 4- 26xj+2 
—hj^Xj - 2  4- /ij,2(4xj_i +  2x;-+2) +  hj+\xXj+4 ~
^ j+ 1 ,2 (2 X j 4" 4Xj-f-3 ) — X j  Xy_f-2,
3 <  j  <  n — 4
hn—3,13( 2Xji—5 %n) 4~ /̂ n—3,26(5x n_4 4~ 4xn_i)
hn—2,l' (̂*£n—4 •En) 4“ 24/ln_2j2 '̂n—3
26x„_3 -  l lx „ _ 2 +  12x„_i 
3 / i n _ 3 ii X n_ 5  4“ h n—3 , 2 6 ( 2 x n _ 4  4“ ^ n —l )  6 / l n - 2 . 2 ^ n - 3
3xn_3 4xji_2 4" 3xn_i 
hn—2,12( X’n_4 4" ’̂n) 4“ /^n—2,210^-n—3 hn—l (xn—3 6x n_2)
12x„_2 -  4xn_i 4- 2xn 
hn—2,1 ( ^n—4 4” *̂ n) 4“ 4/2.n_2i2-̂ M—3 hn—\%n—'2 —
2xn_2 2Xn_i 4“ *̂’n 
(19)
Note : Similar work we do for Yj, Z* patches and we get alike 
equations.
IS
1.3 Surface estimation
Let (Xij , 7/,-j, 2^), i , j  E iV be d a ta  points in the three dim en­
sional space. The (i,j) patch will be denoted by X i j ( t , u), i , j  E 
TV, 0  < t < 1,0 < u < 1 and is defined by j ,
Xij+i, Xi+\ j +i. The equation of the patch u) can be found
if we find the equation of the curve X,-j(£,0),0 < t <  1, de­
fined by Xij,Xi+i j ,  and the curve Xij(0 , w),0 < u < 1, defined 
by Xij ,Xij+1, and then we take their tensor product. Thus 
for an interior patch X i j ( t , n), A'2j ( t ,  u ), X 2 ,k-2 (t, u), X 2 ,2 {t> «),
Xi${t ,  n), X itk- 2 (t, u), X n- 2,2(*, u), u), X„_2,A:-2(i, u) (a
patch th a t has neighboring patches on all sides), we have:
Xij( t ,  u) =  0 < t, u <  1,3 < i < n — 3, 3 <  j  < k — 3
(20)
where
Ti = 1 -  t)( 1 -{- f ) , \ h i:2 t{t  -  1)(8 +  2 t),
o b
^ (1 2 (*  +  1)(1 -  t) + (3 -  t)(t  -  l ) ( t  -  2)), -  9t +  26)),
-  1)(5 -  t ) , ^ h idt(t  -  1)(< -  2)]
x i - 2 , j - 2 x i —2, j—l x i —2 j +1 x i—2, j+2 x i—'2,j+3
x i—l , j —2 x i - l , j - l x i - l , j X i - l J + l x i—l , j +2 x i—l , j +3
x i , j—2 x i , j - l x i, j x i J + 1 x i , j+2 x i , j+3
x i + l J —2 x i + l , j —l X i + l J x i + l , j + 2 x i + l , j + 3
X i + 2 J - 2 x i + 2 J - l x i+2, j x i +2 , j + l x i +2, j+2 x i +2 , j+3
x i + 3 J - 2 x i +3 , j — 1 X i+3, j x i +3, j+2 x i +3 , j+3  _
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l h  =
|s ; . i ( ( l  -  U)(l +  U)U)
±sit2 {u(u -  1)(4 +  u))
Jg(12{u 4- 1)(1 -  u) +  (3 -  u)(u -  l ) (u  -  2)) 
jg(u{u2 — 9 u +  26))
\ s i ^u{u  -  1)(5 — u))
L 6\ s i ' \u(u -  l) (u  -  2))
It is easy to see th a t : A 'jj(0,0) =  Xjj, X i j ( l ,  0) =  X i + i j „  
A ^ O , 1)  — X { j + h  A ?' j ( l ,  1 )  — X j+ ij - i - i ,  1 ^  i  ^  n ,  1 5; J  ^  k
A:2tJ-(f, u) = T 2 B 2 Uu 0  < t , u  < 1 ,3 < j  <  ft — 3 (21)
where
T-2 =  [Ifc2,if(< -  1)(2 -  i), | (1 -  <)(2 -  t)(3 + 0 .02  -  0,
— 1)(5 — t), ^ h 2 ,it(t -  l ) ( t  -  2)]
X l J - 2 x l , j - l * 1 J Xu +1 •^ lj+ 2 x i J + 3
x 2 J - 2 X 2 J - 1 x 2,j x 2,j-f-1 a:2J+2 x 2, j+3
x 3 J - 2 x 3, j—l x 3,j ^ 3J+ 1 x 3 J + 2 x 3, j+3
x 4 , j —2 x 4, j - 1 x 4j •^4 J + l x 4, j+2 x 4, j+3
. X 5 , j - 2 ^5,j—1 X 5,j *̂ 5 J + l x o, j+2 x o, j+3
X 2, k - 2 ( t ,  u )  =  T 2 B z U 2 , 0  <  t ,  u  <  1 ,
where
x \ , k—4 x l ,k—3 x l tk - 2 X l , k - l x l,k
x 2 , k - 4 X 2 , k - 3 x 2,k—2 %2,k— 1 %2,k
%Z,k—4 x 3 , k- 3 x 3,k—2 x 3,k
%4,k—4 X 4,k—Z x 4,k—2 x 4 , k - \ x 4,k
•Eq,Ic—4 x 5,k—3 x 5, k- 2 x b,k—l %D,k
and
U 2 =
^ A -2,l((l -  U)[l -J- u)u)  
^Sk~2 ;i{u{u — 1 )(u +  4)) 
(1 — u ) (1 -(- u )
£(u + 1)(4 -  u)u 
L l s k - 2 , l ( u ( u  +  l ) ( u  -  1 ) )
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X-2 ^(ti  u) =  T2.B4L/3, 0 <  u < 1, (23)
where
^1 ,1 •21,2 # 1 ,3 •2-1,4 # 1 ,5
^ 2 ,1 •I’2,2 # 2 ,3 #2 ,4 # 2 ,5
^'3,1 x 3,2 # 3 ,3 •£3,4 •i'3,5
•i'4,1 # 4 .2 # 4 ,3 #4 ,4 # 4 ,5
^-5,1 # 5 ,2 # 5 ,3 # 5 ,4 # 5 ,5
and
U3 =
1*2,1 (u{u -  1)(2 -  u)) 
|(1  -  u ){2 -  w)(3 +  u) 
u( 2 — u)
l* 2,2(w(a — 1)(5 — u))
l g*2,l{u(u -  l ) (u  -  2))
X i t2 =  T i B bUz, 0 < t , u  < I, 3 < i < n — 3 (24)
where
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3?j- 2 .1 1—2.2 311-2,3 311-2,4 X i —2,b
X i - 1,2 X i - 1,3 2-1—1,4 X i - 1,5
•E/,1 Xi , 2 X{ ,3 J?i,4 a?i,5
3 ? i+ l .1 X  1+1,2 311+1,3 311+1,4 311+1,5
3-'l+ 2 ,l •2’i'+2,2 311+2,3 X i + 2 , 4 311+2,-5
311+3,1 311+3,2 3-1+3,3 X i + 3,4 311+3,5
X i , k - 2  =  T i B 6 U 2 , 0  <  *, u  <  1, 3  <  i <  n  -  3  ( 2 5 )
where
TT1CM1 311-2,ife-3 X i - 2 , k - 2 311-2,6-1 1 to ?s-
31t- U —4 X i —l,k—3 X i - l , k - 2 X j —1,1;— 1 X 1—1,6
Xi'k—4 Xi, A;—3 X i , k - 2 Xi ,k—l Xj,k
31 j+ l, i t-4 3!i+l,fc—3 31l+1 ,fc—2 311+1,6— 1 31 £ +1, Ar
31/+2.A-4 31 1+2,fc—3 31j+2,/t-2 311+ 2 ,6 - 1 Xi+2,le
^i+3,Jfc-4 3* 1 + 3 , —3 3’l+3,fc-2 3 'l+3,6—1 311+3,6
X n - 2 , 2  = T 35 7Lr3, 0  <  t , u <  1
where
T i =  +  D ( i  +  4 ) ,
(1  - i ) ( l  + / )  i ( t  +  l ) ( 4  +  ! ) ( « -  1)]o o
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*£7? —4, 1 •£77—4 , 2 • £ 77—4 .3 *£71—4 ,4
• £ 77—3 ,1 •£ n —3 , 2 • £ 77—3 , 3 • £ 77—3 ,4
• £ 71—2 ,1 • £ 77- 2 ,2 • £ 77—2 ,3 # 7 7 —2 , 4
# 1 7 - 1 , 1 # 7 7  — 1 , 2 • £ 77—1 , 3 • £ 77— 1 ,4
#7 7 , 1 • £ 77,2 • £ 77,3 • £ 77,4
( 2 7 )
• ^ n —4 J + 3  
% n — 3 , j + 3  
x n —2 J + 3  
x n — l j + 3  
x n , j + 3
# 77—4 J —'2 # 77—4 J  —1 *£77 4 , j # 77—4  j  +  1 # 77—4 , j + 2
# 7 7 - 3 , j - 2 # 77—3 , j — 1 * £ n —3 , j • £ 77—3 , j ' + l # 7 7 - 3 , j + 2
• £ 77—2 J —2 # 77—2 , j — 1 # 7 7 - 2 , j # 77—2 , j + 1 • £ 77—2,  j + 2
• £ 77— 1 j —2 * £ « — 1 —1 x n - l , j # 7 7 - 1 , j + 1 # 77— 1, j + 2
# n J - 2 •£77 j - i x n , j # 77,j + 1 *£77 j ' + 2
X n - 2 , k - 2  =  T s B g U i ,  0  <  f ,  u  <  1  ( 2 8 )
where
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x n —4 , k —4 x n —4 , k —3 x r> — 4 , k —2 x n —4, k — 1 x n —4, k
x n —Z, k—4 x n —3, fc—3 x  n —3 , k —2 x  n —3 , k —l x n —3,  A:
B q =  X n - 2 , k - 4  x n - 2 , k - 3  x n - 2 , k - 2  x n - 2 , k - \  x n - 2 , k
x n — l , k —4 — -I’ m— 1 , k—2 x n —l , k — 1 x n —l , k
x n , k —4 x n , k —3 x n , k —2 x n , k —l x n, k
Noninterior patches have one or more sides with no neigh­
bors. Non interior patches w ith one side having no neighbors 
are for example: the X i 2 (t, u), X n- i ti(t, n ) ,  A’i j ,  X n- \ j ,  where 
j is an index corresponding to an interior edge (3 < j  < 
k — 3) and 1, n are indices corresponding to edges w ith no 
neighbors, also X 2 i(t, u ), X u ,  X 2 tk- i ,  X n- 2 ,k-i(t, n ),A n-2,i(^ n), 
Xi , k - 2 {t ,u),  X lik- i ( t , u ) , X n- i t2 ( t ,u) ,  X n- i ,k- 2 ( t ,u)  and
u),  where k corresponds to an edge with no neighbors 
and 3 < i <  n — 3. The equations of these patches are :
X i2 {t, u) =  T4 B 1 0U3 , 0 <  t, u <  1 (29)
where
Ti =  [ | ( 3  -  t)(t  -  1 ) ( t -  2), i (<(3 -  t )(2 -  t). 
N i ( 3  -  t )(t  -  1), h d t ( t  -  l ) ( t  -  2)] 
2 6
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* 1,1 * 1 ,2 * 1 .3 *1 .4 * 1 ,5
* 2,1 * 2 ,2 * 2 ,3 * 2 ,4 * 2 ,5
£ 3,1 * 3 ,2 * 3 ,3 *3 .4 * 3 .5
# 4 ,1 * 4 .2 * 4 ,3 *4 ,4 * 4 ,5
The next one is
X i j ( t , u )  =  T, \Bh Zji,  0 <  if, u <  1 (30)
where
* l , j —2 * l , i - l *1,2 *1,2  +  1 * 1 ,2 + 2 * 1 ,2 + 3
* 2 , j —2 * 2  J —1 * 2 ,2 *2,2  +  1 * 2 ,2 + 2 * 2 ,2 + 3
* 3 ,2 —2 * 3  J —1 * 3 , j *3,2 +  1 * 3 ,2 + 2 * 3 J + 3
. * 4 ,2 —2 *4,2  — 1 * 4 , j * 4 j  +  l * 4 J + 2 * 4 ,2 + 3
Now we take the equation:
-^21(̂ 5 u ) — T2 B 1 2U4 , 0 < t , u  <  1 (31)
where
*1 ,1 * 1 ,2 * 1 ,3 *1 .4
* 2 ,1 * 2 ,2 * 2 ,3 * 2 .4
* 3 ,1 * 3 ,2 * 3 ,3 * 3 ,4
* 4 ,1 * 4 ,2 * 4 ,3 * 4 ,4
* 5 ,1 * 5 ,2 * 5 ,3 * 5 ,4
and
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U4 =
( I ( 3 - « ) ( u -  l ) ( w - 2 ) )  
(|'u (3  — n){ 2 — u)) 
fs i(u (3  -  « )(«  -  1))
iUi(w(u -  l ) (u  -  2))
For patch  we have:
0 < £, u <  1 (32)
where
T§ =  [—h„_i ( l  — t ){t  +  l ) t ,  —hn- i ( t  2 ){t — 1)^, 
-(£  +  2 ){t +  1)(1 — t), ~( t  +  2 )(t +  l)tf]
and
•En—3 , 1  Ĉ-ri—3 , 2  ^ n —3 , 3  * ^ n —3 , 4
r-> ^ n —2 , 1  % n —2 , 2  ^  f t—2 , 3  ^ n — "2,4£>13 =
£ n  —1,1 ^ n — 1 , 2  * ^ n — 1 , 3  ■ '̂n— 1,4  
7a, 1 n , 2  ^ n ,  3  71,4
For A'ii, 3 <  i < n — 3, patch we have
X n  = T 1B 14U4 , 0 <  f, u <  1 (33)
where
X i - 2,1 X i —2,2 X i - 2 , 3 X i —2,4
X i —1,1 X  i —1,2 X i - 1.3 1,4
X i , l Xi ,  2 Xi ,  3 ^ i , 4
^ i+ 1 ,1 Xi+1, 2 X i + l , 3 X  i~\~ 1,4
X i +  2.1 Xi +2, 2 Xi+2, 3 *^2+2,4
2 +  3,1 X  j+ 3 ,‘2 3-2+3,3 X  2+3,4
Also for the patch A'n_ i j ,3  < j  < n — 3 we have:
X n_i j ( t ,  u) = T5 B 1 5U1, 0 <  t , u  <  1 (34)
where
X  n —3 , j —2 X n - 3 , j - 1 X n —3, j X n —3 J + 1 X n —3 J + 2 Xn-3, j - )~3
X n - 2 , j —2 3-n—2 , j — 1 X n - 2 , j X  n —2 , j + l X n - 2 J + 2 X „ - 2 , j + 3
CM1•-5*■—11cH X n —l J —l X n - l J X n —l , j + l X n —l J + 2 X n —l J + 3
X n , j —2 x n , j - 1 X n ,j X n , j + l X n , j + 2 X n , j + 3
For X 2 ,k- 1 we have:
X 2 ,k-i{t, u) = T2 B 1QU5 , 0 < /, u <  1 (35)
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where
•El, A -  3 % l , k - 2 Z U - 1 ^1,A
•E2.A-3 % 2 , k - 2 ^ 2 ,A -1 %2,k
^ '3 ,A -3 X ^ , k - 2 # 3 , * - l •E’3, A
■E4.A-3 X 4 , k - 2 # 4 , f c - I 2’4,/b
•E5,A-3 •Eo,A—2 %D,k— 1 •E5, A
and
i-Sjfe—1(( 1 ~  u){u +  l )u)
2
UR =  '
h k-i{{u  +  2 )(u -  1 )u)
+  2 )(u +  1)(1 -  u) 
q{u +  2)(u +  l )u
Also for X i yk - i, 3 <  i < n — 3 , X n-.2 ,k-\ and X n- 2 ,i we have: 
X ijk- i ( t ,  u) = T]_Bu Ub, 0 < *, u < 1 (36)
where
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2 ?'—2 ,fc—3 X i —2, k—2 2-’/ —2,fc—1 Xi -2 , l c
X i -  i , t —3 X  i—l , k —2 X j —l,fc—1 X i - l , k
X j . k - 2 X i tk — 1 X j , k
2'i+l,jfc-3 X i + l , k - 2 2- i + l , ^ — 1 X i + \ , k
2?/+2.A-3 2? i+ 2 ,fc- 2 2^7+2,&— 1 X i + ‘2,k
2-7+3,A—3 27j+3,fc-2 2 ^ i+ 3 , i— 1 2-7+3, &
where
X n- 2 ,k-l =  T3B 18C/5, 0 <  t , u  <  1 (37)
X n —4, k—3 ^ n —4,fc—2 4,£ — 1 •^n—4,fc
X n - 3 , k - 3  X n - 3 , k - 2  X n _ 3 , k - l  X n - 3 , k  
B 18 =  tf„_2,jfc_3 ar„_2, jb-2 i*?™—2tJfc—1 # n - 2 ,A
Xn— l,fc—3 ^ ra— l,fc—2 *̂ n — 1 .A— 1 Xn— 1
X n , k —3 X n k —2 X n k — 1 X n fc
where
^ n - 2,1 — TsBiqUi,  0  < t , u  < 1 (38)
Xji—4,1 ^n—4,2 Xn—+3 ICfj—4 4
X 71—3,1 ^ n—3,2 ^n—3,3 2? n — 3,4
5i9 =  7̂1—2,1 *̂’n—2,2 ^n—2,3 '̂71—2,4
2-77—1,1 Xn—1,2 *̂ n —1,3 Xn— 1,4
2^77,1 X n 2 2-77,3 2 - t j 4
where
X i tk- ' 2 =  T4 B 2 0 U2 , 0 < t, u < 1
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(39)
B -20 =
Zl,Jfe-4 Zl.Jfe-3 £  1,4—2 £ '1 ,4 -1 a^i.Jb
^2,ifc-4 £’2 ,4 - 3 £ 2 , 4 - 2 £’2 .4 -1 £ 2 ,4
£ 3 , 4 - 4 * 3 , k - 3 £ 3 , 4 - 2 £ 3 , 4 - 1 2 3  ,4
£ 4 , 4 - 4 £ 4 , 4 - 3 £ 4 , 4 - 2 £ ’4 ,4 -1 £ 4 ,4
where
Xi ' k- i  = T4 B 2 1 U5 , 0 <  t , u  < 1 (40)
B 21 =
£‘l , 4 - 3 ^ l .Jb —2 £’1 ,4 -1 £ l , 4
£ 2 , 4 - 3 £ 2 , 4 —2 £ 2 , 4 - 1 ^2,jfc
£ 3 , 4 - 3 £ 3 , 4 - 2 £ 3 , 4 - 1 £’3,4
£ 4 , 4 - 3 £ 4 , 4 —2 £ 4 , 4 - 1 £ 4 ,4
where
•^n-1,2 =  T5 B 2 2 U3 , 0  < t , u  < I (41)
B 22 —
^ n —3,1 £ n —3,2 £ n •-3 ,3 £77 — 3,4 £ 77—3,5
£ n —2,1 £ 71- 2 ,2 £ 71- 2 ,3 £ 77—2,4 £ 77—2,5
£’ n —1,1 £ n  —1,2 £*71-1 .3 £77 —1,4 £ 77—1,5
£ n , l £ 77,2 £’n,,3 £ 77,4 £ 77, 5
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and at last,
where
A n —1,1;—2 =  0  <  t ,  U <  1 (42)
B 2 3 =
* n  —&,k—4 * n —3,A—3 * n —3,&—2 * n —3,&—1 * n  —3,k
* n —2,&—4 * n —2,Ar—3 * n —2,fc—2 * n —2,&—1 * n —2,A:
* r a — 1 ,jfc—4 * n  —l.fc—3 * n —l.fc—2 * n — 1 ,Ar— 1 * n — l,fc
* n ,&—4 3Cn,k—3 ^ n , k —2 *ra,A*— 1 *ra,A;
Finally, we have the patches for the points, w ith more than  
one noneighbors. And these are the patches X i ti ( t ,u)  and 
A 'n-i(fc_i(£,n), where 0 < £, u < 1.
The tensor products for these patches are:
Ah,i(£, u) =  T4 B 2 4 U4 , 0 < t, u < 1 (43)
where
* 1,1 *1/2 *1,3 *1,4
*2,1 *2,2 *2,3 *2,4
*3,1 *3,2 *3,3 *3,4
*4,1 *4,2 *4,3 *4,4
and
AT-i.fc-iU, u) = T^B 2^U^, 0 <  t, u <  1 (44)
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where
•^n—3, k—3 •£??— 3, k—'2 ^ n — 3 , k — 1 ^ n —3,k
rj £n—2,k—'i ^n—'2,1c—2 *̂’n— 2,k—l *̂ n—2,fc
-D ‘25 =  i*̂ n — 1,A—3 ‘̂’n—1,4—’2 -^n— l.fc— 1 ^n—1,6
% n , k —3 X n , k—2 £ n , k — 1
T he param etric  equations for y and z are sim ilar to those for 
x. T he only difference is th a t we replace the x ’s w ith y ’s or the 
x ’s w ith z’s.
Chapter 2
Examples and Error discussion
In th is section we present some estim ated  surfaces and we 
discuss our results. Note th a t our estim ation  m ethod does not 
require system atic  sam pling (equal intervals between neighbor­
ing sam pling points), continuity of the first or second deriva­
tives, or the assum ption  th a t the underlying process satisfies 
the in trinsic hypothesis, or is wide sense stationary. Further­
m ore, it  does not require finding the inverse of a m atrix  as 
kriging and  splines require. The calculations therefore are fast, 
and it is an  algorithm  for such real tim e applications as robotics 
and robot m otion. One such application is to  use a robot hand 
to paid  spray  a rb itra ry  surfaces. Finally, the generated surface 
does no t have to be a function as in the case of kriging.
2.1 F irst ex a m p le
The first surface estim ated  in the following graphs, is given 
by the equation
- =  0.5 +  0.00001562(x3 +  y3 -f- x zy +  y 2 x),  —20 < x. y < 20.
The graph  of this function is shown in Figure 1. The num ber 
of the given points x and y is 11, the range between -20 and 
20, for b o th  x and y, and the grid of these given points is Sx = 
Sv = 4.
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In F igure 2 we present an  estim ation  of this function, by 
using the cubic m ethod  w ith  stress param eters only. M ore 
precisely, we did not require continuity  and  the hi j  param eters  
were used w ith  appropriate  values, in order to get only stress. 
The values of h(j  used in Figure 2 were :
h\ =  0.65, hn- 1 =  0.65, hi j  = 0.33
where, n  =  11, 1 <  i < n — 2, and  j =  1,2. The grid used is 
equal to 4, which m eans th a t the d a ta  points are equid istan t 
and  the range is the sam e as in F igure 1 for b o th  x and  y.
We use the sam e range for x and  y as above, b u t no t equidis­
ta n t d a ta  points, w ith n =  7. M oreover by requiring continuity  
which leads us to solve system  (19, C h .l) , we use stress and 
continuity  param eters hi j ,  th is tim e, and we get F igure 4. In 
th is F igure we can see the sm oothness of the estim ated  su r­
face, com pared to the estim ated  surface by using our m ethod  
( F igure 2), where the stress param eters h{j  are chosen.
T he error in bo th  cases, is p resented  in Figure 3 and  Figure 
5. T he difference between the true  function (Figure 1) and  the 
one estim ated  in Figure 2, where hi j  param eters are chosen, 
is shown in Figure 3. In F igure 5 we present the difference 
betw een the true function (Figure 1) and  the one estim ated  by 
using our m ethod, ( F igure 4), where continuity  is required.
2-Ŝ.XlS
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In the previous graphs, the z-scales and rotation  about the x 
and z axis, are chosen in a  proper way, in order to give general 
aspects of the results.
The m ean error and the m ean of the absolute error of the 
first estim ation,show n in Figure 2 , where about 5601 points are 
used to form the estim ated surface, is -2.45xl0-2 and 2 .66xl0-2 
respectively. In graph shown in Figure 4, although only 1297 
points (about 1/4 of the points used in Figure 2) are used to 
form the estim ated surface, the mean error is -4 .91xl0-2 and 
the m ean of the absolute error is 8.37xl0-2 , which also gives 
order of 10-2 . .
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2.2 S econ d  E xam p le
In this example the function used for the graphs of the fol­
lowing Figures, is:
z r= I — 0.0008(x2 +  y 2 +  x y ), —20 < x, y <  20
In Figure 6 the graph of this function is presented, where 
—20 <  x, y < 20 and the distance between the given points is 
Sx =  4 and Sy =  4.
We s ta rt our approxim ation Figures, by Figure 7, where 
the estim ation of the surface is based on the cubic m ethod, 
w ithout requiring continuity. The range of x and y is the same 
as before and the given points are equidistant w ith Sx  =  4 and 
S y  =  4. The stress param eters h i j  are chosen the same as in 
(2.1) example: h\  =  hn_i =  0.65 and hij  =  0.33,1 <  i <  n — 2 
j =  1,2, and n =  11.
In Figure 8 we present the error, expressing the difference 
between the true surface (Figure 6) and the estim ated  one of 
Figure 7. In order to see our results in a “closer aspect1', we 
give, in addition, a zoom in the graph of the estim ated surface 
in Figure 9. The stress param eters are chosen equal to the ones 
of Figure 7. The num ber of the equidistant given points is n 
=  7, for x and y respectively, and the range for bo th  x and y 
is between -20 and -10.
In the last of the graphs presented here, Figure 10, our 
m ethod is applied requiring continuity. Thus the continuity 
and stress param eters are derived from the solution of the 2(n- 
2)x2(n-2) linear system  (19), where n =  7. The range of bo th  
x and y is also between -20 and -10
Figure?
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As in section 2.1,the z-scales ancl the rotation about the x 
and z axis are chosen in a proper way, in order to give more 
general aspects of the results. The m ean error of the above 
cases is also of order 10-2 and even when we did not use con­
tinuity param eters, i.e we chose their values, we got a m ean 
error equal to 7.61xl0-2 (Figure 8).
The set of the 27 functions-program s used to get the results 
in section 2.1 and section 2.2 are given in the Appendix.
APPENDIX
F U N C T IO N S  P R O G R A M M E D  IN  C
T he following functions are called from  a  m ain C program  
in the  following way and order: T he m ain  program  gets (xij, 
yij, zij) given poin ts of i?3 and provides these to SOLUTION, 
which re tu rn s  h i j  and  Sij. T{ gets h i j  from  SOLUTION and 
t,u  from  the  m ain  program , and evaluates the  m atrix  T. £/, 
gets Sjj  from  SO LU TIO N  and t,u  from  the m ain  program  and 
evaluates th e  m atrix  U. MULT gets B from  m ain  program  and 
T , U from  functions T;, Lr,, and re tu rn s  the  tensor product of 
X j j ( t , u),  Yi j ( t , u), Zi j ( t , u) patches.
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/ *  FUNCTION rO F  THE 50L H TIO N  OF THE 3(0-3)x3(n-2) SYSTEM
f l o a t  • ■ o l u t i o n <n , x , h )
l o t  n ;
f l o a t  x ( n ] , h ( 2 * ( n - 2 ) ] [ 2 ] ;f
f l o a t  a [ 2 ]  [2] , b [ 2 ] (3) , c , A [ 2 ] , a r b  , • d ; 
i n t  i , z •' 
a r b  -  0 . 0 ;
f o r  ( i  -  0 ; i  <« 2 * n - 5  ; i++)
[
h [ i ]  10] -  0 . 0 ;  
h [ i  ] 111 - O.Oi) 
h [ 0 ] [ 1 ]  -  1 . 0 ;  
a [ 0 ] [0] -  2 . 0 * ( X ( 0 ] - X [ 4 ) );  
a [ 0 ] I D  "  1 0 . 0 * x ( 3 ) ; 
a [1] [0)  -  6 .  0 * x ( 4 ) - 5 . 0 *X[ 0 ] ; 
a l l ] [2)  -  - 3 4 . 0 * x [ 3 ) ;
b 1 0] [0)  -  2 . 0 *X[ 0 ) - 4 . 0 * x [ 1 ] + 1 2 . 0 * x [2] ; 
b [ 0 ] [ 1 )  -  x 1 3 ] - 6 . 0 * x 12] ;  
b [ l ]  (0)  -  - 6 . 0 » x ( 0 ] + 1 2 . 0 * x [ l ] - 1 2 . 0 * x [ 2 |  ; 
b [ l ]  [ I ]  -  - 6 . 0 * x 1 2 ] ;
I f  < A B S ( a [ 0 ) I I ] ) < -  0 , 0 0 0 0 0 5 )
I
h [2]  10] -  a r b ;  
h [ 3 ] [ 1 ]  -  0 . 0 ;  
i f  f b [ l ] [1]  ! -  0 . 0 )
I c  -  a (0]  [0] + ( b ( 0 ]  [ 1 ] * a [ 1 ] [ 0 ) ) / ( 6 . Q » x [ 2 ] );  
i f  ( c  I -  0 . 0 )
I
h [ l ] [0]  - < b ( 0 ] [ 0 ]  - b [ 0 ] [ 1 ] * b ( 1 ] [ 0 ] / b [ l ] [ 1 ] ) / c ;  
h U J I l ]  -  0 . 0 ;
h I 0 ] ( 0 ]  -  ( a [ l )  [ 0 ] * h [ 1 ] [ 0 ) - b ( l ] ( 0 ) ) / b [ l ] (1)  ; 
h [ 0 ] [1]  -  0 . 0 ;  
g o t o  e n d l ; ]
i f  ( C b ( 0 ] [ 0 ] - b ( 0 ] t l ] « b [ l ] [ 0 ) / b | l )  ( 1) )  1 - 0 . 0 )
I
g o t o  a t o p ; } 
i f  ( A B S ( b l O ) [ 1 ] )  > 0 . 0 0 0 0 0 5 )
I
h [ l ) 10] -  a r b ;  
h i  1) I I ]  -  0 . 0 ;
p r i n t f ( " h 2 1  i a  a r b i t a r y  \ n ' ) ;
h [ 0 ) t 0 ]  -  ( a [ 0 ]  [0 ) *h [ 1 ] [0] -b [0) [0] ) / b [ 0 ]  (1) ;
h [ 0 1 U J  -  0 . 0 ;
g o t o  e n d l ;} 
i f  ( a [ 0 ] 1 0 )  ! -  0 . 0 )
I
h [ 0 ] [0]  -  a r b ;  
h f 0 1 f l )  -  0 . 0 ;
p r i n t f t " h l  i s  a r b i t a r y  \ n " ) ;  
h [ 1 ] [ 0 ]  -  ( b [ 0 ] ( 0 ) + b [ 0 ) [1] *h 10 ] (01 ) / a [ 0 ] 10) ; 
h [ 1 ] ( 1 )  -  0 . 0 ;  
g o t o  e n d l ; ]  
i f  ( ABS( b [ 0 ] ( 0 ] )  > 0 . 0 0 0 0 0 5 )
(
g o t o  a t o p ; ) 
h ( 0 ]  10] -  a r b ;  
h [ 0 ] [1]  -  0 . 0 ;  
h ( 1 ) ( 0 ]  -  a r b ;  
h [ 1 ] [ 1 ]  -  0 . 0 ;
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p r i n t f ( * h l  a n d  h21  a x *  a r b i t a r y  \ n ' ) ;  
g o t o  e n d l ; }]
X(OI -  1 3 . 0  • x ( 0 J - 2 4 . 0 * x U l - 1 6 B . 0 * x ( 2 ) ;
A ( l l  -  a 0 4 . 0 * x ( 3 ] - 3 4 . 0 * x t 3 ] l
i f  (ABS( X( 0 ] - 6 . 0  »X[ 4 ] )  > -  O.OOOOOS)
(
h ( l ] [ 0 ]  -  A t 0 J / { 2 . 0 * X ( 0 ] - 1 3 . 0 * x l 4 ] ) ; 
h i u t l l  -  A [ l ] / ( 2 . 0 * x l 0 ] - 1 3 . 0 « x [ 4 1 ) ;  
h[21 ( 0 ) -  ( b [ i n 0 1 - a [ i n 0 J * h ( l ] [ 0 ] ) / a ( i m i !  
b [ 3 1 ( U  -  I b [ l | | 1 1 - a | l ] [ 0 ] * h [ l ] | l | ) / a [ l l [ 1 ] »  
g o t o  e n d l i ) 
i f  ( ABS( A [ 1 ] )  > O.OOOOOS)
{ h10](0] - •A[0]/A11]1
hCO 1 t i l  -  0 .Oj 
b [ 1 j [ 0) “  a r b  ; 
h ( l ] [1]  -  0 . 0 ;
p r i n t f ( * h 2 1  i s  a r b i t a r y  \ n " } ;  
c 3 : h [ 2 ) ( 0 ]  -  < b ( l ]  [ 0 ] + b ( l ]  [ U * h ( 0 ]  [ 0 ] - a ( l ]  [ 0 1 « h ( l ]  [0) 1 / 2 4 . 0 ;
h ( 2 1 [ 1]  -  0 . 0 ;  
g o t o  e n d l ; ]
I f  (ABS(A(01)  <“ 0 . 0 0 0 0 0 5 )
{
h ! 0 ] {01 -  a r b ;  
b ( 0 1 [1] -  0 . 0 ;  
b (1 ] [ 0 ] -  a r b ; 
h ( l l [11 -  0 . 0 ;
p r i n t f ( " h 2 1  and  h22 a r e  a r b i t a r y  \ n") ;  
g o t o  c 2 ;} 
g o t o  s t o p ;
endl:a[01 [0] - - 3.0*(x(0]+2.0*x(5] );atOlIl] - 6.0«<4.0«x(ll+5.0»x(4|);a[l] [0] - 6.0«x(5);a(l][1] - -12.0*(X[1]+2.0«X[4));b[0][01 - 12.Q*X[11-13.0*x(21-24.0»X(3]»h[2)[0]-3.0*(X(0]-X[4))»h[l][0I; b(0] [1] - - 24.0*X(3]*b[2] [I]-3.0*(X[0]- X [ 4 ])*h(11[1] ; b[ll[0] - -6.0«x(ll+8.0*x[21-6.0»x[3]-12.0*x[3]»h[21[0]-x(0J*h(l][0]; b(ll[1] - -12.0*X[3]»h[21[1]-X[01»h[l](1);
i f  (ABS( a [ 0 ) [ 1 1 )  > O.OOOOOS)
[ A(0] - a[l][l]»b[0]CO)-a(0)[l]*b[l][01;
A[1] -  a [ l ] [ l ] * b ( 0 ] t l ) - a ( O ) [ 1 ] * b ( 1 ] ( 1 1 ;  
o -  a ( 0 1 [01 » a ( 1 1 [ l ] - a ( l ] ( O  J » a [ 01[ 1 ]  
i f  (ABS(C) > O.OOOOOS)
{ h[3][0| - A[01/c; h[31[1] - A[11/c; c3; b [ 4 ][0) - (b[0][0!-a(0]E0]*h(31[01)/a[0][11; h[4] (11 - (b(0][1]-a(0](0)*h(3)[11)/a(0| (1) ; 
g o t o  e n d 2 ; )
It ( ( ABS(A(11)  <-  0 . 0 0 0 0 0 5 )  S <ABS(A[0])  <- 0 . 0 0 0 0 0 5 ) )
b [ 3 1 ( 0 ]  = a r b ;  b[3][I] =0.0;
p r i n t f { " b 31 i s  a r b i t a r y  \ r . " i ;  
g o t o  c i ; 1 
i f f  A B S f A ( l l )  < -  O 00000 )
•; g o t o  s t o p : )
i f  ( A B S ( h [ 0 | [ 1 ] )  < -  0 . 0 0 0 0 0 5 ;  
i f  ( a b s ( ( A [ i ! * b ( o i ( o i * a : o : : ;  <= ■ : ; o o o 5 >
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( o t o  o 3 5 ; ) 
t o t s  a c o p ; )
h [ 0 ] { 0 )  -  - A[ 0 ] / A[ 1 1 ;  
c35  i h [ 3 1 [ 0 ]  -  a r b i  
h ( 3 ) (1)  -  0 . 0 ,  
bCO}[1]  -  0 . 0 ,
p x i s t f  ( *A31 I s  a r b i t a r y  \ n * );  
g o t o  e n d 2 ; ) 
i f  ( A B S ( a ( l ) [ 1]  ) > 0 . 000003  )
(
i f  [ A B S ( a [ 0 ] [ 0 ] )  > 0 . 000005)
{
h [ 3 ] £0] -  b ( 0 ] [ 0 ] / a ( 0 ] (0)  ;
A[ 3 J [ XI  -  b ( 0 ) [ l ] / a ( 0 ) ( 01,  
c 4 ;  h [ 4 1 (0)  -  ( b i l l [ 0 ] - 6 . 0 * x ( 5 ] « h ( 3 ] [ 0 1 ) / a [ l ] [ l ] ;
h [ 4 )  [11 -  ( b [ l ) ( l ] - 6 . 0 * x l 5 ] » h ( 3 ] ( l l ) / A [ l ] [ l ] ;  
g o c o  a n d 3 , 1  
i f  ( A B S ( b ( 0 ] (11 ) > 0 . 000005)
(
i f  ( M S d i i o j  i n  j < - o . o o o o o 5 )
{
i f  ( ABS ( h ( 0 ) [ 0 1 * b ( 0 ) [ 1 1 + b ( 0 1 ( 0 J ) <-  0 . 0 0 0 0 0 5 )
(
goCo c S ; )  
g oc o  s t o p ; )n (01 (0) - -is (01 [ 0 |/b (0 | Cl ; 
h(01(1) - 0.0; 
c 5 :  A[ 3 1 (01 -  a r b ;h(3](11 - 0.0;
p r i n c f ( * h 3 1  i s  a r b i e a r y  i n ’ ); 
g o c o  c 4 ;} 
i f  ( b ( 11( 11  —  0 . 0 )
( g o c o  c 5 » ) 
go c o  s c o p ; )
A (4)  [01 -  a r b ;
A( 4 1 [ l j  -  0 . 0 ;
p r i n c f ( " h 3 3  i s  a r b i e a r y  \ n " ) ;  
i f  ( A B S ( a ( 1 ] ( 0 ] }  » 0 . 00 00 05 )
{
h ( 3 ) [ 0 ]  -  b [ l j [ O J / a l l l [0]  ;
A( 3 ] [ 1 ]  -  t o ( l ] U ] / a [ l ] [01 ; 
g o c o  o n d 3 ; )  
i f  ( A B S ( a ( 0 ) ( 0 ] )  > 0 . 000005)
(
A ( 3 ] [0 ) -  b ( 0 ) [ 0 | / a [ 0 ] ( 0 ) ;  
h [ 3 ) [11 -  b [ 0 ) [ 1 1 / 8 ( 0 ] [ 0 |  ; 
g o c o  e n d 2 ; ]
i f ( A B S ( b ( 0 ]  ( 1 ) )  > O.OOOOOS)
{
i f  ( ABS ( A (0 ) 11 ] ) <- 0 . 0 00 00 5)
[
i f  ( ABS( h ( 0 ]  ( 0 ) *b [ 0 ) [ 1 1 *b ( 0 1 [ 0 ) ) <-  0 . 0 0 0 0 0 5 )
I
g oc o  c 6 ; )  
g oco  s c o p ; )
m o ] t o]  -  - b i o i  | o ; / b i o i  ( : : .
M 0] [1]  -  0 . 0 ;  
cfi: M3 1  [0]  -  a r b i
M 3 K 1 1  -  0 . 0 ;
p r i n c f ( ’ h 3 1  i s  a r m r a r y  \ n '  - . 
g oc o  e n d a ; )
i f  ( ABS ( b [ l l  [11 ! <- o : 000051
goco  c6 ; ) 
goco s c o p ;
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e n d 3 : f o r  (J -  3i J<* n - 4 )  J++)
t
a [01 [01 -  - 3 . 0 * ( x ( j - 3 H - 2 . 0 * X t J * 3 1 > ;  
a [0 ] [ 1 ]  -  6 . 0 » ( 4 . 0 « x ( j - l | + 5 . 0 * x ( j + 3 ] ) f  
a [ 1 ] [ 0 1  -  x ( j + 3 1 ,
a [ l ] [ l ]  -  - 3 . 0 * ( x ( j - l ) + 3 . 0 « X [ j + 3 1 );
b [ 0 ]  [0] -  3 6 « x ( j - l ] - 3 3 . 0 * X ( j ) + a 6 » x | J  + l ] + 3 . 0 « ( 3 . 0 * x l j - 3 ) + x ( 3 + 3 1  ) « h [ 2 * j - 31 [ 0 ] ;
b [ 01[ 0 ]  -  b ( 0 ] ( 0 ] - 6 . 0 « ( 5 . 0 * x [ j - 2 1 4 4 . 0 * x [  j + 1 ] ) » h ( 3 » 3 - 3 1  (0)  i
b t O l t l l  -  3 . 0 * ( 2 . 0 * x [ j - 3 1 - M t ( j + 2 1 ) * h [ 3 * 3 * 3 ) [1] ;
b [ 0 J f U  -  b [ 0 ] f l ] - 6 . 0 * ( 5 . 0 * X ( 3 " 2 J + 4 * x [ J + l J )*h(2*)-3] (11 ;
b d l  [oi  -  x i j - u - x [ j f i i + x [ j - 3 ) * h ( 2 » j - 3 ]  [ o i - ( 4 . o * x [ j - a i + a . o * x ( j + i ]  >«h( a»3- a i  to] 
b [ l l [11 -  x [ J - 3 1 « h [ 2 * 3 - 3 ]  [11 - a . 0 « ( 3 . 0 « x [ j - 2 1 + x [ j + 1 1 ) » h ( a * j - 3 ] t i l  I 
c  -  a ( 0 ] [ 0 ) * a ( 1 ] [ l j - a [ l j [ 0 ] * a ( 0 ) [ 1 J ;
MO]  -  - a [ l l  [ 0 1 * b [ 0 ]  [ 0 1 + « t 0 )  [ 0 1 * b ( l l  [0] ;
M U  -  - a l l ]  [ 0 J * b ( 0 ]  [ l l + a [ 0 n 0 1 * b [ l ]  [ 1 ) ;
I f  (ABS( a (11 [ 0 ] )  > 0 . 0 0 0 0 0 5 )[
i f  (ABS(CJ > 0 . 0 0 0 0 0 5 )
(
h | 2 « j ) (01 - A ( 0 ] / C ; h[3*jj[1J - A{1]/c; 
c 7 : h [ 3 « j - l l [ 0 1  -  f b [ l )  [ 0 1 - h [ 3 * j ] I 0 ) » a [ l l [ l l ) / a ( l ]  [01 ;
h ( 2 * 3 - 1 1 [ 1 ]  -  ( b ( l j [ 1 1 ~ h [ 3 • 3 1 [  11 • a [ 1 1 [ 1 ] ) / a [ l l [ 0] ;  
g o t o  e n d 3 ; )
i f  ( (ABS(A[01)  < - 0 . 0 0 0 0 0 5 )  6 ( Af l S( A[ l ) )  < - 0 . 0 0 0 0 0 5 ) )
(
c 8 : h [ 2 * 3 H O ]  “  a r b )h(2*3)(1) - 0.0;
g o t o  c7 ,• ) 
i f  ( Aa S ( A[ l ] )  > 0 . 0 0 0 0 0 5 )
(
i f  (ABS(h ( 0 ] ( 1 ] )  < - 0 . 0 0 0 0 0 5 )
(
g o t o  a t o p ; )
MO)  (01 -  A (0)  / A [11;  
h [ 0 ] [ l )  -  0 . 0 ;  
g o t o  c 9 ; )  
g o t o  a t o p ;
1
i f  ( A B S ( a [ l )  [ i n  > 0. 000005)
(
h [ 3 « 3 1 [01 -  b i l l [ 0 ] / a ( 1 1 [ 1 ] ;  
h [ 2»31111  -  b ( l ] [ l l / a ( H [ 1 ] ;
A[0)  -  h ( 2 » 3 1 [ 0 ] « a [ 0 ] [ 1 1 - b [ l l [01;
A [ l )  -  h [ 3 * 3 1 ( l l * a [ 0 1 ( 1 ) - b [ l ] ( 1 ) ;  
i f  ( A B S ( a ( 0 ) [01)  > 0 . 0 0 0 0 0 5 )(
h [ 2 * 3 - l l [01 -  - A [ 0 ) / a ( 0 ] [01;  
h (2*3 - 11[11 -  - A [ l ) / a ( 0 ]  [0] ; 
g o t o  e n d 3 ; )  
h [2*3 - 1 ] ( 0 )  -  a r b ;  h[2*3 - 1)(11 - 0.0;
i f ( A B S ( h [ 0 i [ 1 ] )  > 0 . 0 0 0 0 0 5 )
t
*f  (ABS(A[ 1 ] )  > 0 . 0 0 0 0 0 5 )
(
M 0 ]  (0) -  - A [ 0 ) / A [ 11 ;
M 01 (11 -  0 . 0 ;  
g o t o  e n d 3 ; ) 
i f  (ABS( A[ 0 ) )  <-  0 . 0 0 0 0 0 5 )
• g o t o  e n d 3 ; l  
g o t o  s t o p ; 1 
i f  ( A [ 0 ) + A[ 1 ) * M0 )  [ 0 1 - -  0 . 0 )
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h ( 2 * } - l l  CO) -  a r b ;  
h ( 2 * ; ) - l j  C1J -  O.O)
g o t o  s t o p ; )
e o d 3 :
a [ 0 ] ( 0 ]  -  - 3 . 0 * ( x ( n - S ] - x [ n - l ] );
a [0 1 [1] - 24.0*x(n-4];
a [ 1] [ 01  - 0 . 0 ;
a(l][1) - -S,0*X[n-4];
b [01 [0] -  2 6 , 0 * x ( n - 4 ] - 1 1 . 0 * x ( n - 3 ] + 1 3 . 0 * x [ n - 2 ) + 3 . 0 * h [ 2 * n - 9 ] [ 0 ] • ( 2 . 0 * x [ n - 6 ) + x ( n - l l  ) 
b [0) (0] -  b ( 0 J [ 0 1 - 6 . 0 « ( 5 . 0 * x [ n - 5 ] + 4 . 0 * X [ n - 3 ) ) * h [ 2 * n - 8 ] [ 0 ] ;
b [01 (II - 3.0*h[2*n-9J (ll*(2.0*x(n-6)+x(B-l) )-6.0*(5.0*x[n-51-t4.0*x[n-2Il*ht2»D-e] 
b[l)[01 - •3.0*x(n-41-4.0*x[n-3)+3«x[n-2]-6.0*(2.0*x(n-5]+x[n-2])«h[3*n-6] [01; 
b[l][0) - b[l][0)+3.0*x[D-6)»h[2*n-91[0];
b [ l ] [11 -  - < 1 2 . 0 * x ( n - 5 ) + 6 . 0 * x ( n - 2 1 ) * h [ 2 * n - 8 ) [ 1 ) ♦ 3 . 0 » x (n - 6 J * h [ 2 * n -91 [1] ; 
i t  (MSS( a [ 1 1 [ 1 1 )  <-  O.OOOOOS)
[
f t ( 2 * n - 6 1 (0)  -  a r b ;  
h [ 2 * n - 6 ) [ 1 ]  -  0 . 0 ;
i f  (ABS ( f t [ 0 1 [ 1 ] )  > 0 . 0 0 0 0 0 5 )  
i
i f  < A B S < b [ l l [ 1 ] )  > 0 . 0 0 0 0 0 5 )
[
h ( 0 ] [01 -  - b [ l l [ 0 ] / b [ l ] [ 1 ] ;  h[0][1] - 0.0; ) 
i f  <ABS( b[ l )  t o n  <-  O.OOOOOS)
( g o t o  c 9 ;1 
g o t o  s t o p ;  
c9:  i f ( A B S [ a ( 0 ) [ 0 ] )  > 0 . 0 0 0 0 0 5 )
(
b(2-n-71[01 - b[01[0]/a(0][0); ft[2 * n - 7 ] [ 1 ]  -  b [ 0 ] ( 1 1 / a l O l [0]; 
g o t o  e n d 4 ; )
i f  ( A B S ( b [ 0 J [ 0 ) + b [ 0 1 ( l ] * h [ 0 J ( 0 ) )  < - 0 . 0 0 0 0 0 5 )
(
h ( 2 * n - 7 ] [0]  -  a r b ;  
h [ 2 * n - 7 ] [ 1 ]  -  0 . 0 ;  
goco  e o d 4 ; } 
goco s t o p ; }
i f  ( AS S ( b (1]  [ 0 ) - b 1 1 ) [ 1 ] * h (0)  [ 0 ] )  <-  0 . 0 0 0 0 0 5 )
r
g o t o  c 9 ; ) 
g o t o  s t o p ;)
A{0| -  - b [ 0 J ( 0 ) - 4 . 0 * b [ i l [ 01 ;A[ 1 ] - -b(0)[1]-4.0-b[X1[1]; 
i f  (ABS( a [ 0 1 ( 0 1 )  > O.OOOOOS)
(
ft(2*11-71 [01 -  - A ( 0 ] / a ( 0 J  [0]  ; 
h [ 2 * n - 7 ]  [1]  -  - A( 1 ] / a ( 0 ] ( 0 ) ;  
h | 2 * n - 6 ] [0)  -  b ( l ] [ 0 ] / a ( 1 ] [ 1 1 ;  
ft( 2 • n - 6 ] [ 1 ]  -  b ( l ] [ l ) / a [ l l [11;
: o t o  a n d 4 ; )  
ft I 2 • n - 7 ] [ o ] -  a r b ;  ft[2*n- 7] (1) - 0.0;
i f  (ABS( h [ 0 1 [ 1 1 )  > 0 . 0 0 0 0 0 5 )
• i f  ( A B S ( A [ i ; ) > 0 . 0 0 0 0 0 5 )
-. [0] [01 - - A (0 1 / A [ 11 ;
-. ( 0 ] [ 11 - j . 0 ;
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CIO: h ( 2 « n - 6 1 ( 0 1  -  b t l ] t O ) / a ( l J [ 1 ]I
h ( 2 * o - 6 ) [1]  -  b ( l ] [ l ] / a ( l H l ] i  
goco  a n d 4 i ) 
i f  (ABS(A( 1 1 J <-  O.OOOOOS)
( goco  c l O t ) 
goco  a t o p i) 
i f  (ABS{A[ 0) +A( 1) *M0]  (0]  ) <-  0 . 0 0 0 0 0 5 )
( goco  c l O ; ) 
goCo a c o p ; 
e n d 4 : a ( 0 ] [ 0 ]  -  - x [ n - 4 ] + 6 * x [ n - 3 ) ;
a ( 0 ] [1] -  - 2 . 0 * M 2 * n - 7 )  [ l ) » < x t n - S ) - x ( n - l ]  ) + 1 0 . 0 » x ( n - 4 ] * M 3 * n - 6 1  [11;  
a ( l ) [0]  -  - x [ n - 3 ] ;
a [ 1 ] [ 1 ]  -  4 . 0 * x ( n - 4 ) * h [ 2 * n - 6 ] ( 1 1 + h [ 2 * n - 7 ] [ 1 ] » ( - x [ n - 5 ] + x [ n - 1 ] ) ;
b ( 0 ]  [0]  -  1 2 . 0 a x ( n - 3 ] - 4 . 0 * x [ Q - a ) + 2 . 0 « x [ n - l l - 2 . 0 « t i [ 3 « n - 7 1  [ 0 ) « ( x [ n - l ] - x [ i i - 5 n »
b [ 0 ] [ 0 ]  -  b [ 0 J [ 0 1 - 1 0 . 0 * x ( o - 4 ) « h ( 2 * n - 6 1 [ O J ;
b [ 0 ]  [1] -  0 . 0 ;
b ( l ] [0] -  3 . 0 « ( x ( n - 3 1 - x ( n - 2 ] ) + x [ n - l I - 4 . 0 « x ( n - 4 1 * h [ 2 * n - 6 ] [ 01;  
b [ 1 ] [ 0 ]  -  b ( l l [ 0 1 - ( x [ n - l l - x [ n - S ] ) * h [ 2 * n - 7 ] [01;  
b [ 1 ] [ 1 ]  - 0 . 0 ;  
i f  ( ABS( h(01 [1]  ) > O.OOOOOS)
f
i f  ( ABS( a [ 0 1 [ 0 ] )  < - 0 . 0 0 0 0 0 5 )
(
i f  (ABS( a [ 01 ( 11 )  > 0 . 0 0 0 0 0 5 )
(
h [0) [01 -  b ( 0 1 (01/ a (0]  [1] ; 
h ( 0 ] [11 - 0 . 0 ;
i f  ( A B S ( a [ l ) [0 ] )  > O.OOOOOS) 
t
e l l :  h [ 2 * n - 5 ) ( 0 ]  -  ( b [ l ] [ 0 1 - a [ l ]  [ l ] * h ( 0 ] [ 0 ] ) / a [ 1 1 [01;
h [ 2 « n - 5 ] [11 -  0 . 0 ;  
goco  e n d 5 ; }
i f  [ A B S ( a [ l ] [ l ] » h ( 0 1  [ 0 ] - b [ l ] [ 0 ] )  <-  O.OOOOOS) 
i
h ( 2 * n - 5 ] [0] -  a r b :  h[2»n-5][1] - 0.0; 
goco e n d 5 ; ) 
goco s t o p ; )
I f  ( A B S ( a ( l ) [01)  > 0 . 0 0 0 0 0 5 )
{
h [ 0 ] [ 0 )  -  a r b ;  
h [ 0 ] ( 1 )  -  0 . 0 ;
p r i n t f f h l  i s  a r b i t a r y  \ n " ) ;  
g oco  e l l ; 1 
i f  (ABS( a ( 11 [ 11 )  > O.OOOOOS)
t
h [ 2 * n - S l  [01 -  a r b ;  
h [ 2 * n - 5 1 [1] -  0 , 0 ;  
p r i n t f ( * h « d  i s  a r b i e a r y  \ n " ,  n - 1 ) ;  h[0](0) - btl)(0]/a111[11 ; 
h [ O J [ I ]  -  0 . 0 ; )  
i f  (ABS(b ( 1 1 [ 0 ] )  < - 0 . 0 0 0 0 0 5 )
(
h ( 0 ) (0)  “ a r b ;  
h ( 0 ] [ 1 1  -  0 . 0 ;  
h ( 2 » n - 5 ] ( 0)  -  a r b ;  h(2 * n -5][11 - 0.0;
p r i n t f t ' h l  and h»d a r e  a r b i t a r y  \ n " ,  n - 1 ) ; )  
goco  s t o p ; ) 
c -  a l l )  [ 1 ) - ( a [ 1 1 [ 0 ) • « ( 0 ] ( 1 1  ) / a [ 0 | (01;
A[0] -  b ( l ] ( 0 ) - t a l l ] [ 0 ] * b | 0 1 [ 0 ) ) / a ( 0 ] [ 0 ] ;  
i f  (ABS(c)  <-  0 . 0 0 0 0 0 5 )
:
i f  (ABS(A( 0 ] )  <- O.OOOOOS)
h [ 0 ) [ 0 )  “ a r b :
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h:o)ii; - o.o;
p n n t f ( “M  i s  a r D i t a r y  \ n  ‘ : ; 
c l 2 ;  h [ 2 * n - 5] [ 0 ! -  {b 1 0 ) [ 0 i ■a ( 0 ] ( 1 j * h | 0 ) ( 0 ]  > / a 1 0 1 [ 0 ) .
h [ 2 * n - 5 ] [ 1 ]  -  0 . 0 ;  
g o t o  e n d S ; ) 
g o t o  a t o p ; ]MOI to] - A|01/c;
M 0 ] [ 1 ! -  o . C ;
I 2 • n - 5 ' '  c ; -  • = - a ( c ;  ; : i  • n [ o n o n / a i o ;  [ o i ;
m  a » n - s : :  i : -  o . o .
i o t a  e n d s ; ;•
i f  ( a b s {a i o ] ; o : ; > i . o o o o o s i
g o t o  c l  2; )if (a(0) [11 *h(0] [01 — to(0) (0) )
I f ( A B S t a ( l )  [0] ) > 0 . 000005)
(
g o t o  e l l ; )
i f  ' a f 1) [ 1! »h [0 ] [0! — b i n  [0] )
h ( 2 * n - 5 ! [ 0 )  -  a r e ;  
n | 2*n - 5 ) [11 -  0 . 0 .
p n r i t f  ( "h%d i s  a r b i t a r y  \ n " ,  n - 1 ) ;  
g o t o  e n d 5 ; )  
g o t o  s t o p ; ) 
g o t o  s t o p ;
endS;  i f  ( { ABS( h [11 [ 1; ; <» 0 . 0 0 0 0 0 5 )  6 [ABS(h(2]  [1J ) <- 0 . 0 0 0 0 0 5 ) )  
[ g o t o  e n d ; )  
f o r  ( i * l  ; i < *  2*n- 6  ; i * * )
I h [ i ] [ 0 )  -  h t i ! [ 0 ) + h [ i ! U l * h ( 0 ) [ 0 ) ;  h[iJ[1J - 0.0;) 
g o t o  end ;  
s t o p ;  p r i n t f ( " n o  s o l u t i o n  \ n " ) ;  
e n d : d  * &h( 0 | [ 0 ] ;  
r e t u r n  d;
i
/ *  T1 FONCTION..................................................................................................................................
f l o a t  * T l ( h , t , i , n )  
i n t  i  ;
f l o a t  .1 1 n ) ( 2 J , t ;
f l o a t  T [6 J , *d;
T[0]  -  h ( i )  ( 0 ] » t » {1 . 0 - 1 ) • ( 1 . 0 * t ) / 6 .0;
T ( 11 * M i )  ( l ] * t * ( t - 1 . 0 ) * ( 4 . 0  + t ) / 3 . 0 ;
T [2)  -  1 . 0 / 1 8 . 0 * ( 1 2 . 0 * ( t  + 1 . 0 ) • ( 1 . 0 - t ) * ( 3 . 0 - t ) • ( t - 1 0 ) * ( t - 2 . 0 ) ) ;  
T f 3 j ■ 1 . 0 / l B . 0 * t * ( t * t - 9 * t * 2 6 ) ;
T[ «)  - l . 0 / 3 . o » h [ i i [ : ] * t « ' t - : . o i • ( 5  o - t j :
T[5 J = 1 . 0 / 6 . O' rt; 1: [0| » t * •t -1 : i *<t -2.C) .  
d -  4 T [ 0 1 ; 
r e t u r n  d;
* 7 2  - " U C Z Z Z i t ................................................................................
: i a a t  • 7 2 - 7., t .
: l o a t  r . ; r. | [23 , t . 
f l o a t  T [ 5 j , •d.■
7!  o ; * : o / s  o * ! - . 0 ) * c 2 o - t ) ,
7 1 1:  ■ 1 0 / 6  : * ' l  0 - 1 ; * ( 7  0 - t  ) * ( » .  0 - f  ;
7 : 2  : -  t • r 2 . 0  - t
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T13 J -  1 . 0 / 3  . 0 * h ( l ]  (11 . 0 ) « ( 5 . 0 - t )  ;
T 14] -  1 . 0 / 6 . 0 * h ( l ] [ 0 ) * t * ( t - 1 . 0 ) « ( t - a . 0 ) ;
d  -  4 T [0] !
r e t u r n  di
)
/ •  T3 nJHCTIOH.......................................................................
f l o a t  * T 3 ( h , t , n ) 
f l o a t  h ( n ) [ 3 ] ,  t ;
(
f l o a t  T [ 5 ] , *d;
T [0 I -  I . 0 / S . 0 » h ( 4 ) ( 0 ) « t * ( 1 . 0 - t ) « ( 1 . 0 + t ) i  
T (1)  -  1 . 0 / 3 . 0 * h ( 4 ) t l ) * t * ( t - 1 . 0 ) * ( 4 . 0 + t ) ;  
T [3]  -  ( 1 . 0 - t > • ( 1 . 0 + t ) ;
T [ 31 -  1 . 0 / 6 . 0 * t + ( t + 1 . 0 } * ( 4 . 0 - t ) ;
T14] -  1 . 0 / 6 , Q*h[ 4 ] t 0 1 * t * ( t - 1 . 0 ) » ( t  + 1 . 0 ) ;  
d -  S T ( 0 ] ;
r e t u r n  d ;)
/ *  T4 FUNCTION.......................................................................
f l o a t  * T 4 ( h , t , n )  
f l o a t  n [ n ] [ 3 ] , t ;(
f l o a t  T [ 4 ) , *d:
T(0]  -  1 . 0 / 6 . 0 » ( 3 . 0 - t ) * ( t - 1 . 0 ) • ( t - 2 . 0 ) ;
T (11 -  1 . 0 / 3 . 0 * t * ( 3 . 0 - t ) • ( 2 . 0 - t >;
T(3]  -  1 , 0 / 3 . O » MO J  (1) * t *  ( 3 . 0 - t ) *  f t -  1 . 0)  ; 
T [ 31 -  1 . 0 / 6 . 0 * h ( 0 J  [ 1 J * t » f t - 1 ■0 ) • C t - 2 . 0 ) ;
d -  &T[0 1 ;
r e t u r n  d;
)
/ •  T5 FUNCTION.......................................................................
f l o a t  * T 5 ( h , t , n )  
f l o a t  h f n ) ( 31 ,  t ;
t
f l o a t  Tt  4 I / * d :
T [0) -  1 . 0 / 6  . 0 * h (5] [0 ) * ! I . 0 - 1 > • ( t  + 1 . 0 ) * t ;  
T*[ 1) » 1.  0 / 3  . 0*h [S ) (0 ! * t *  ; t  • 1 . 0 ) * ( 2 . : » t )
T [ 21 ■ I . 0 / 2 . 0 * f t * 2 . 0 ) • ( 1 . 0 - C ) • { t * l . C ) :
7 [ 3! = 1 . 0 / 6  : * t *  : ' • < -. -2 .0 ) ;
i  -  1 T ( 0 ] ;
• VI  FUNCTION - - - - 
: l o a t  • v 1 ; s . u , j  n ' 
t n t  7 ;
f l o a t  3 tt . CZ] ,11;
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(
f l o a t  0 ( 6 ] , *di
0 ( 0 ]  -  1 . 0/ 6 . 0 * a ( j ] [01 * ( 1 . 0 - u ) * ( u + 1 . 0 ) * m  
0 ( 1 ]  -  1 . 0 / 3 . 0 * e ( j ] [ l ] * u « ( u - 1 . 0 ) « ( 4 . 0 * u ) i
0 ( 3 ]  -  1 . 0 / i s . 0 * ( l 3 . 0 * < u + 1 . 0 ) * < 1 . 0 - u ) + < 3 . 0 - u ) * ( u - 1 . 0 ) * ( u - 2 . 0 ) ) »  
0 ( 3 ]  •  1 . 0 / l » . 0 * U* ( U* U- 9 * U+ 3 6 ) ;
0 ( 4 ]  -  1 . 0 / 3 . 0 * i ( j ] ( l ] * u * ( u - 1 . 0 ) * ( 5 . 0 - u ) i  
0 ( 3 ]  -  1 . 0 / 6 . 0 * l ( j ] ( 0 ] * u * ( u - 1 . 0 ) * ( u - 3 . 0 )  ; 
d -  60( 0]  ;
r e t u r n  dt
]
/ •  0 3  rOWCTIOM..............................................................................................................................
f l o a t  * 03( a , a , a )  
f l o a t  i ( n ] [ 3 ] , u ;
f l o a t  0 ( 5 ] , *d;
0 ( 0 ]  -  1 . 0 / 6 . 0 * 3 ( 4 ] [ 0 ] * ( 1 . 0 - u ) * ( u * 1 . 0 ) * u ;  
0 ( 1 )  -  1 . 0 / 3 . 0 * a ( 4 ] ( l ] * u * ( u - 1 . 0 ) * ( 4 . 0 + u ) ;  
0 [ 3 ]  -  ( 1 .  Q*u) • ( u + 1 . 0)  ;
0 ( 3 ]  -  1 . 0 / 6 . 0 * ( u - t - 1 . 0 ) * ( 4 . 0 - u ) * u »
0 ( 4 ]  -  1 . 0 / 6 . 0 * i ( 4 ] [ 0 ] * u * ( u + 1 . 0 ) * ( u - 1 . 0 ) j  
d -  6 0 ( 0 ] ;
r e t u r n  d;
>
/ •  03 FOKCTION.......................................................................
f l o a t  * 0 3 ( a , u , n )  
f l o a t  a ( n ) ( 3 ) , u ;
f l o a t  0 ( 5 ] , *d j
0 ( 0 ]  -  1 . 0 / 6 . 0 * 1 ( 1 ] ( 0 ] * u * < u - 1 . 0 ) * ( 3 . 0 - u ) ;  
0 ( 1 ]  -  1 . 0 / 6 . 0 * ( 1 . 0 - u ) * ( u + 3 . 0 ) * ( 3 . 0 - u )t 
0 ( 2 ]  -  u * ( 2 . 0 - u ) ;
0 ( 3 ]  -  1 . 0 / 3 . 0 * 1 ( 1 ) [ l ] * ( u - 1 . 0 ) * { 5 . 0 - u ) * u ;  
0 ( 4 ]  -  1 . 0 / 6 . 0 * a ( l |  ( 0 ] * u * ( u - 3 . 0 ) * ( u - 1 . 0 ) i  
d  -  6 0 ( 0 ) ;
r e t u r n  d ;
]
/ •  04 FUNCTION.......................................................................
f l o a t  * 0 4 ( a , u , n )  
f l o a t  3 | n | [2;
f l o a t  0! 4  I , • d ;
’J (O)  -  1 . 3 / 6 . 3*{3 . 0 - u ) • ' u * l . 3 ) * { u - 2 . 3 )  ;
” 11] - 1 3 / 2 . 3 * u * ( 3. 3 - u ) • ( 2 . 3 - u  ) ;
v [2] « : : / 2 . : » s [ 0 )  : : :  *' j*( 3 . 3- u  t • ' u  - 1 . 2  > ;
v ; 3 ] ■* . : /  6 i • 3 ( o ] ; i ; • '  .j - 1 3) • ( u • 2 . 3 1 * .j .•
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d -  4 0 ( 0 ] ;  
r e t u r n  d ;
)
/ •  05 FUNCTION------
f l o a t  * 0 5 ( 9 , u) 
f l o a t  s ( n | t  2},  u;
f l o a t  0 ( 4 ) ,  *d;
0(0) - 1.0/6.0*8(51[0)*(1.0-U)*{U+1.0)*U; 
0 ( 1 ]  -  1 . 0 / 3 . 0 * 8 ( 5 1 ( 0 ) * u * ( u - 1 . 0 ) * ( 3 . 0 + u ) ;  
0 ( 2 )  -  1 . 0 / 2 . 0 *<u *2 . 0 ) * ( 1 . 0 - u ) * ( u + 1 . 0 ) ; 
0 ( 3 )  -  1 . 0 / 6 . 0 * ( u * - 1 . 0 ) * ( u + 2 . 0 ) * U f  
d  -  4 0 ( 0 ] ;
r e t u r n  d;
)
/ •  FUNCTION FOR THE TENSOR PRODUCT..................
• /
f l o a t  m u l t ( T , x i } , b l , e l , b e , e c , U , n , k ) 
i n t  n,k;
f l o a t  T [ n ) , 0 ( 6 ] ;
f l o a t  x i  j [n ) ()c) ; 
i n t  b l , e l , b c . e c ;
[ f l o a t  L (6 ] ;  
f l o a t  P; 
i n t  i , j ;
f o r  (1 * 0 ; i  <” e c - b c ;  i*-*)
{
L [ i ]  -  0 . 0 ;
f o r  ( ]  » 0 ; 3 <■ e l - b l ;  j ++)
(
L ( i ]  -  L ( i ]  *• T ( j ] * x i i ( j + b l ]  t i + b c ] ; ]
]
P « 0 . 0 ;  
f o r  ( j  “ 0 ; j  <* e c - b c ;  j ++)
(
P -  P * U ( j ] * L ( j ) ;
)
r e t u r n  P;)
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